Program Optimisation
Solutions of Homework 1

1. Here is the control-flow graph of the function swap.

A1 =Ag+1-4
O
(5121 = M[A1];

| A2 =Ao+1-j;

QR‘Z = M[Az];

Neg(R1 > R») “~DPos(R1 > Ry)
@ <‘>A3:Ao+1'j?
Ot:]\/[[Ag];
gA4 =Ao+1-7;
| As = Ao +1-4;
ORg = M[As];

I\/[[A4] = Rg;

Ag = Ao +1 -4
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L[Ag] = t;
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a) The set of available expressions at each program point is indicated in Abbil-
dung 1.

b) Applying transformation 1 gives the control flow graph in Abbildung 2.
Applying transformation 2 gives the control flow graph in Abbildung 3.

2. a) Let the lattice of Booleans be named D = {0,1}. We have the lattice M =

{f17f27 - -vfﬁ} where f1<x7y> = 07 f2<37,y) =T A Y, f3<x7y) =, f4<x7y) =Y,
fs(x,y) = x Vy and fg(x,y) = 1. Then the only possible monotone functions

from M to D are as in the table below. L.e. [M — D] = {F, F5, ..., Fg}.
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{Ag+l-i}

<BRle[Al];
{Ag+l-i}
| A2 =Ao+1-7;

(P {Ao+1-4,A0+1-j}
Ry = M[Az];
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‘ t = M[A3];

{Ag+1-i,Ao+1-j,R1 > Ra}
Ay = Ao +1-7;
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{Aog+1-4, Ao+ 14}
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Abbildung 1: Available expressions
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b) Their ordering is as shown in Abbildung 4

a) First we show that the properties of a partial order are satisfied.

e Reflexivity: Let x € D; and y € Dy. Since Dy and D, are partial orders
we have x = x and y C y. Hence (z,y) C (x,y).

e Anti-symmetry: Let (z1,y1), (22,92) € Dy x Dy such that
(x1,71) C (x2,y2) and (x2,y92) C (21, 1). Hence we have

I E xT9, (]_)
1 C vy, (2)
xo Cxy, (3)
1Ty,  (4)

Since D is a partial order hence from (1) and (3) we have x; = x5. Since
D, is a partial order hence from (2) and (4) we have y; = y». Hence we
have (z1,41) = (22, y2).



7
Ay =T,
O
Ry = M[A4]
O
[T = Ao+1-j
O
| Ay =Ty
QRQ:M[AZ]
7
T3 = R1 > Ro
NegTs O
gis / \POSTg
O
‘TQ:Ao-"-l 7
O
| As =1T»
O
(‘)t:M[AS]
<‘>T22A0+1 7
| Ay =Ty
O
|7 =aAg+1-i
O
<5A5:T17
R3 = M[As]

O-0O-
> 4

I I
5oz

+

;

[AG] =1t;

i

Abbildung 2: Application of transformation 1

e Transitivity: Let (z1,v1), (2, 92), (73,y3) € Dy x Dy such that (z1,y1) C
(x2,y2) and (z2,y2) C (z3,y3). Hence we have

T1 ; T2, (1)
1 Cua, (2)
) E X3, (3)
yv2 Eys, (4

Since Dy is a partial order, hence from (1) and (3) we have z; C z3. Since
D, is a partial order hence from (2) and (4) we have y; C y3. Hence we
have (z1,y1) C (3, y3).
We have shown that D; x Dy is a partial order. Now let X C Dy xIDy. We have to
show that X has a lub. Let X; = {z | (z,y) € X} and X5 = {y | (z,y) € X}.
Since Dy is a complete lattice we have some a; = | | X;. Since Dy is a complete
lattice we have some ay = | | Xo.
e We first show that (a1, as) is an upper bound of X. Let (z,y) € X. Then
x € Xi. Since a; is an upper bound of X; we have x C a;. Similarly we
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Abbildung 3: Application of transformation 2

have y C ay. Hence we have (z,y) C (aq, as).

e Next let (b, by) be some upper bound of X. We have to show that (ay, as) C
(b1,ba).
— First we show that that b, is an upper bound of X;. Let € X;. Then
there is some y such that (z,y) € X. Hence (x,y) T (by, by) because
(b1, b) is an upper bound of X. Hence x C b;.
We have shown that b; is an upper bound of X;. But a; is the lub of X
hence we must have a; C b;. Similarly we show that as T by. Hence we
have (a1, as) C (by, bs).
Thus we have shown that (a1,as) = | | X. Hence Dy x D, is a complete lattice.

e Part 1: Assume that f is monotone. To show that f, is monotone for x €
Dy, we take any v,y € Dy such that y; C y,. By reflexivity of D, we have
(x,y1) C (z,y2). Since f is monotone, hence we have f(z,y1) C f(x,ys).
Hence f;(y1) C f.(y2). Hence f, is monotone. Similarly we show that f,
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Abbildung 4: Ordering of elements of [M — D]

is monotone for y € Ds.

e Part 2: Assume that f, and f, are monotone for all € D,y € D,.
To show that f is monotone take any (x1,41), (22,y2) € D x Dy such
that (x1,y1) C (72,y2). Then we have x; C x5 and y; T ys. Since f,, is
monotone we have fo, (y1) E fo,(y2) = fp(21). Since f,, is monotone we
have fy,(x1) C fy,(22). By transitivity of D we have f, (y1) T f,(z2).
Hence f(21,y1) C f(22,92).

a) We have
fole) =
flz)=(xna)Ub
2(z) = ((zNa)Ub)NalUb = (zNaNa)U(bNa)Ub = (xNa)UJ(bNa)Ub = (zNa)Ub
As f%(z) = fY(x) hence fi(z) = fl(z) for all i > 1. Hence f*(x) = f(z) U
fHz)=fo2)U fl(z)=xzU(xNa)Ub=xUb.

b) We have f*(z) =| {z,z+ 1,2+ 2,2+ 3,...} = oc.

c) We have f'(0) = 0 for all 7. Hence f*(0) = | ]{0,0,0,...} = 0. For z > 1 we
have fi(z) = 2'x. Hence f*(x) = | |[{z,2x,4z,8x,...} = co. Thus

0 ifz=0
oo otherwise
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