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Program Optimisation
Solutions of Homework 3

The elements of the partial order are &, © and T. We intend & to describe
positive values, and © to describe negative values. The ordering is: & C T and
oC T.
The description relation A is defined as follows.

cAD iff x>0

rAo iff z <0

zAT iff z € Z
We have chosen @ to describe positive values as well as 0, and © to describe
strictly negative values. There are also other possibilities.

The abstract operator +* is defined as

S fa=and b=
a+fb=% & ifa=6andb=6
T otherwise

The abstract operator —# is defined as

S fa=@and b=9S
a—"th= O ifa=%and b=
T otherwise

We similarly define abstract operators corresponding to other concrete opera-
tors.

We show that +* respects A. The arguments for the other operators are similar.
We need to show that if zAa and yAb then v +yAa+fb. If a = ® and b = @
then z > 0 and y > 0 hence z + 7y > 0 so that z + yA® = a+fb. If a = © and
b= O then z < 0 and y < 0 hence # +y < 0 so that z + yA© = a +*b. In all
other cases, trivially we have x + yAT = a +¥b.

We consider edge transformations for the condition Pos(e; == e3). Other
conditions are treated similarly.

L if [e1]*D = @ and [e2]'D = &
[Pos(e; == ex)]!D =< L if [e1]*D = © and [eo]*D = @
D otherwise

To show its correctness we assume (p, u)AD, [Pos(e; == es)](p, ) =
(p1, 1), [Pos(e; ==e)]D = D;, and show that (pi,pu1)AD;. Since
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Abbildung 1: Program for which interval analysis without widening does not terminate

[Pos(e; == e2)](p, ) = (p1,p1) it means that the condition Pos(e; == ey)
succeeds for the state (p,u), i.e. [er](p, ) = [e2](p, ). We have (p1,p1) =
(p, ). From above definition we must have D; = D. Hence (p1, p1)AD;.

2. The abstract multiplication for intervals is defined as [I1, u1] ** [lo, us] = [a, b] where
a = lloMlyusMuyls Mujus and b = lls Ulus L uqls Lluqus. Now suppose 1 < z1 < uq
and Iy < 29 < us. We have to show that a < 2129 < b. We do case analysis on
the ordering between the values [, uq, [, us, 0 and show that in each case we have

a < z129 <b.
3. We define
1,1] ifl=0andu=0
Bll,ul =<¢ [0,0] if0O<loru<0
[0,1] otherwise
[1, 1] if u < l2 or Ug < ll
[ll,ul] #ﬁ [ZQ,UQ] = [0,0] if ll = U = 12 = U2
[0,1] otherwise

4. For the example program in Abbildung 1, interval analysis without widening pro-
ceeds as follows, and does not terminate:

1 2 3
ll' U; lj Uj ll U; lj Uj lz U; l] Uj
O —c0 |40 |—00|4+0 |11 |—-00|4+0|2]| 2 |—00]|400
11 0 0 |—oc0 |40 |1|1]|—0c0|400|2]| 2| —00]|+400
21 0 0 |—oc0o|4o0|1|1]|—00|400|2]| 2| —00]|400
31 1 1 |—oc0 |40 |22 |—00|4+0|3] 3 |—00]|+00




